Comparing Lusztig's algebras and Hall algebras at v=−1  by Koenig, Steffen & Li, Libin
Journal of Algebra 305 (2006) 775–788
www.elsevier.com/locate/jalgebra
Comparing Lusztig’s algebras and Hall algebras
at v = −1 ✩
Steffen Koenig a, Libin Li b,∗
a Mathematisches Institut, Universität zu Köln, Weyertal 86-90, 50931 Köln, Germany
b School of Mathematics, Yangzhou University, Yangzhou 225002, PR China
Received 4 October 2005
Available online 2 May 2006
Communicated by Susan Montgomery
Abstract
There are two abstract approaches to (positive parts of) quantized enveloping algebras of Kac–Moody
algebras: Lusztig’s axiomatic approach leading to non-degenerate objects in Green categories, and Ringel’s
approach via Hall algebras. Generically and for certain values of the quantum parameter these two ap-
proaches produce isomorphic objects, as shown by Green. This note studies a case where these objects
turn out to be different. For v = −1, the algebra arising from Lusztig’s approach is shown to be super-
commutative for any datum (I, ·), whereas Hall algebras are super-commutative only in a trivial case.
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1. Introduction
Quantum groups were introduced independently by Drinfel’d and Jimbo when studying quan-
tum Yang–Baxter equation and two-dimensional solvable lattice models. For any Kac–Moody
Lie algebra of type (I, ·), where (I, ·) is a Cartan datum in Lusztig’s sense [L, p. 2], there is a
quantum group, or quantized enveloping algebra, U = U− ⊗U0 ⊗U+ (see [L, 3.1.1]). Quantum
groups are Hopf algebras in Sweedler’s sense.
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phic to an algebra f, which he defined as a non-degenerate object in a certain category of Hopf
algebras. Ringel, on the other hand, introduced the Hall algebra and its composition subalge-
bra for a finite-dimensional hereditary algebra Λ over a finite field. If Λ is of type (I, ·), then
the twisted generic composition algebra is denoted by C(I, ·). Ringel proved that the gener-
ators of C(I, ·) satisfy the quantum Serre relations, and this induces an algebra epimorphism
U+ → C(I, ·) (see, e.g., [R3,R4,R5]). In Dynkin type, Ringel proved this to be an isomorphism.
Subsequently, Green [G1,G2] combined the two abstract approaches by introducing a comulti-
plication on C(I, ·) [G1, Theorem 1]. Using structure in what is now called Green categories, he
went on to establish an algebra isomorphism U+ ∼= C(I, ·) (see [G1,G2,R5]), by checking that
the composition algebra is isomorphic to the non-degenerate object f (Lusztig’s algebra). It has
to be noted that U+ is not closed under the comultiplication inherited from U . However, there
is a twisted bialgebra structure as defined by Green, and that is all he needed. In [LZ] this has
been extended to a twisted Hopf algebra structure, thus also providing an antipode. Note that
the only difference between a twisted Hopf algebra and a Hopf algebra is that the comultiplica-
tion δ :A → A ⊗ A is an algebra homomorphism, not for the componentwise multiplication on
A ⊗ A, but for the multiplication on A ⊗ A given by Lusztig’s twisted rule.
Using Ringel’s Hall algebra approach to quantum groups, results from representation theory
of algebras can be applied to quantum groups.
The isomorphism f ∼= C(I, ·) has been established for generic v and also when v2 is exactly
the number of elements of the underlying finite field. Using Hall polynomials, Hall algebras
(non-generic twisted) are however defined for any choice of v (invertible) for a Cartan datum of
finite type, and in this case they coincide with composition algebras.
Do Hall algebras for other choices of v also coincide with Lusztig’s algebras, that is, are they
the non-degenerate objects in the relevant Green categories?
In this note, the answer is shown to be negative in general. In particular, when choosing
v = −1 then for any non-trivial finite Cartan type Lusztig’s algebra is a proper quotient of the
Hall algebra. Indeed, Lusztig’s algebra has an additional symmetry, super-commutativity, not
shared by the Hall algebra. This symmetry is established by studying the so-called Green poly-
nomials governing the multiplicative structure of Lusztig’s algebra. These polynomials have a
cyclic symmetry and also a super-commutativity.
This note is organized as follows: In Section 2 we recall the definitions of the categories of
Hopf algebras used by Lusztig and Green and of some special objects in these categories. Sec-
tion 3 contains the main technical results, the symmetry properties of Green polynomials and, as
a consequence, super-commutativity of Lusztig’s algebras in the case of v = −1. Section 4 then
looks at Hall algebras, showing that (in case of non-trivial Dynkin type) they map surjectively
onto the strictly smaller Lusztig’s algebra. In the final Section 5 we extract Lie algebras from
Hall algebras and Lusztig’s algebras, and these turn out to be different, too.
2. Green categories and non-degenerate objects
In this section we recall the relevant categories of Hopf algebras and, in particular, their non-
degenerate objects, thus fixing setup and notation for later use. See [R5] for more information.
Let K be any field and c be any invertible element in K . The tensor product symbol ⊗ means
⊗K , maps are K-linear, algebras and coalgebras are K-algebras and K-coalgebras, respectively.
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i∈I νi i with νi ∈ Z, where almost all νi = 0 for i ∈ I . Let N0I = {ν =
∑
i∈I νi i | νi ∈ N0}. Let
ν =∑i∈I νi i, λ =∑i∈I λi i. Define ν  λ pointwise, i.e. νi  λi for i ∈ I ; and ν > λ if and only
if ν  λ and ν = λ. If ν =∑i∈I νi i ∈ N0I , set tr(ν) =∑i∈I νi .
Recall [G1, p. 370] that a datum is a pair (I,χ = ·), where · :ZI × ZI → Z is a symmetric,
bilinear form on ZI . In particular, a Cartan datum in Lusztig’s sense is a datum. Here, and also
in the next section we will deal with the general case of a datum.
Definition 2.1. Let (I, ·) be a datum. Then a K-module A is said to be an object of the category
Q(K, c, I, ·), provided the following conditions are satisfied:
R1 A =⊕ν∈N0I Aν is an N0I -graded associative algebra, where A0 = K . Denote by m and e
the multiplication map and the unit map, respectively.
R2 A =⊕ν∈N0I Aν is an N0I -graded coalgebra with comultiplication map δ and counit map ε,
where ε(Aν) = 0 for ν = 0 and ε(1) = 1.
R3 δ :A → A ⊗ A is an algebra homomorphism, where the algebra structure on A ⊗ A is given
by Lusztig’s rule (see [L, p. 3])
(x ⊗ y) ∗ (x′ ⊗ y′) = c|y|·|x′|(xx′ ⊗ yy′) (2.1)
for all homogeneous elements x, x′, y, y′ ∈ A, where if z ∈ Aν , we write |z| = ν. (The new
algebra defined here will be denoted by (A ⊗ A)χ .)
A morphism between two objects A,B ∈ Q(K, c, I, ·) is an N0I -graded algebra homo-
morphism and coalgebra homomorphism. An object in Q(K, c, I, ·) is called a (K, c, I,χ)-
bialgebra, or simply, a twisted bialgebra (or χ -bialgebra).
A (K, c, I,χ)-bialgebra A = (A,m, e, δ, ε) is called a (K, c, I,χ)-Hopf algebra, or simply,
a χ -Hopf algebra, provided that there is a linear map s :A → A such that
m(id ⊗ s)δ = eε = m(s ⊗ id)δ, (2.2)
i.e., id  s = s  id = eε in the convolution algebra HomK(A,A). The map s is said to be an
antipode of A. Of course, if A has an antipode, it is unique.
The notion of a χ -bialgebra has been introduced by Ringel [R5] in a more general situation.
In fact any twisted bialgebra is a Hopf algebra by [LZ].
Given a datum (I,χ = ·) and a non-zero element c in a field K of characteristic zero. In [G1],
J.A. Green has introduced the following subcategory L(K, c, I, ·) of Q(K, c, I, ·).
By definition (see [G1, p. 371], [G2, p. 2]) an object L in the category L(K, c, I, ·) is a K-
algebra satisfying the following conditions:
L1 L =⊕ν∈N0I Lν with L0 = K is an N0I -graded associative algebra generated by elements
ui ∈ Li , i ∈ I (this implies that Li = Kui and that Lν is finite-dimensional). The elements
ui ∈ Li , i ∈ I , are called the generators of L.
L2 There is an algebra homomorphism δ :L → (L ⊗ L)χ such that ui , i ∈ I , are primitive ele-
ments, where the algebra structure on (L ⊗ L)χ is given by Lusztig’s rule, i.e., formula (2.1).
L3 There is a symmetric, K-bilinear form (−,−) :L ⊗ L → K (possibly degenerate) such that
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(ii) (1,1) = 1 and (ui, ui) = 0 for all i ∈ I ;
(iii) the comultiplication δ is adjoint to the multiplication, i.e.,
(x, yz) = (δ(x), y ⊗ z), (2.3)
where the bilinear form on L ⊗ L is defined by
(x ⊗ y, x′ ⊗ y′) = (x, x′)(y, y′)
for all x, x′, y, y′, z ∈ L. The bilinear form (−,−) on L is called Lusztig’s form, the
map δ is called comultiplication of L.
A morphism between two objects L,L′ ∈ L(K, c, I, ·) is, by definition, a K-algebra homo-
morphism f :L → L′ such that f (ui) = u′i for all i ∈ I , where u′i , i ∈ I , are the generators of L′.
Clearly, if such a morphism exists, then it is unique.
Remark. If L is an object in L(K, c, I, ·), then the comultiplication δ is completely deter-
mined by δ(ui), i ∈ I , since δ :L → (L ⊗ L)χ is an algebra homomorphism; moreover, δ is
coassociative. The conditions L1 and L2 imply the existence of a unique K-algebra homomor-
phism ε :L → K with ε(Lν) = 0 if ν = 0 and ε(1) = 1 satisfying the counit property. Thus
L = (L,m, e, δ, ε) becomes a χ -bialgebra (see [R5, p. 227]), and hence a χ -Hopf algebra.
According to [R5, p. 207], a morphism between two objects in L(K, c, I, ·) is a χ -bialgebra
homomorphism. The category L(K, c, I, ·) is a subcategory of Q(K, c, I, ·).
We also need notation for quantum factorials and quantum binomial coefficients, as follows.
For any invertible element v ∈ K , n ∈ N and 1 t  n, define
[n]v = v
n − v−n
v − v−1 , [n]v! =
n∏
t=0
[t]v,
[
n
t
]
v
= [n]v![t]v![n − t]v! .
Furthermore,
|n]v = v
n − 1
v − 1 , |n]v! =
n∏
t=0
|t]v,
∣∣∣∣nt
]
v
= |n]v!|t]v!|n − t]v! .
Non-degenerate objects. (See [G1, p. 372], [L, p. 2], [R5, p. 228].) Given K,c, (I, ·), let ′F =
K〈I 〉 be the free K-algebra with unit 1 and with generators θi, i ∈ I . Then ′F is an N0I -graded
algebra with grading
′F =
⊕
ν∈N0I
′Fν,
where for ν =∑i∈I νi i ∈ N0I , ′Fν is the K-span of the monomials θi1θi2 · · · θil with l = tr(ν) =∑
i∈I νi such that for any i ∈ I , the number of occurrences of i in the sequence i1, . . . , il is equal
to νi . In particular, ′F 0 = K . Define algebra homomorphisms δ : ′F → (′F ⊗ ′F)χ and ε : ′F → K
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tively. Then ′F becomes a (K, c, I,χ)-bialgebra. Also there is a symmetric, bilinear form (−,−)
on ′F satisfying condition L3. Thus, ′F is a self dual χ -bialgebra, and hence a χ -Hopf algebra.
The antipode s is determined by s(1) = 1, s(θi) = −θi . The algebra ′F defined above is called a
free object in L(K, c, I, ·). Lusztig’s algebra f = ′F/I is by definition a non-degenerate object in
L(K, c, I, ·); here I is the radical ideal of Lusztig’s form (−,−). By [G2, Proposition 2.5] any
two non-degenerate objects are isomorphic as K-algebras, and hence as twisted Hopf algebras.
For any Cartan datum, according to Lusztig (see [R2] for the more general setting), the ele-
ment
1+aij∑
t=0
(−1)t
[1 + aij
t
]
cdi
[θi]1+aij−t [θj ][θi]t (2.4)
belongs to I, where aij = −i · j/di and di = i · i/2.
Now let K = Q(v) be the rational function field in an indeterminate v, and (I, ·) a Cartan
datum in Lusztig’s sense [L, p. 2]. We obtain the free object, in this situation denoted by ′f , in
L(Q(v), v, I, ·) with generators θi (i ∈ I ). Lusztig’s algebra, again denoted by f, by definition is
the unique non-degenerate object of L(Q(v), v, I, ·), i.e., f = ′f/I . Lusztig has shown that f is
isomorphic to the positive part U+ of U of type (I, ·) (see [L, 33.1.3]). Note that the isomorphism
sends generators θi to generators Ei for i ∈ I . It follows that U+ belongs to L(Q(v), v, I, ·).
3. Super-commutativity
In this section we will describe symmetry properties of objects in L(K, c, I, ·), leading to
super-commutativity of Lusztig’s algebra in the case v = −1.
We need to fix some notation. Given ν =∑i∈I νi i ∈ N0I with l = tr(ν), let I (ν) be the set of
all words a = a1 · · ·al with weight ν, i.e. with the property
∣∣{t ∈ N | 1 t  l, at = i}∣∣= νi, i ∈ I.
Define I (0) to be the set with a single element ∅ and I (∞) the disjoint union ⋃ν∈N0I I (ν).
For a = a1 · · ·al ∈ I (ν) and b = b1 · · ·bm ∈ I (μ), where m = tr(μ), let ab = a1 · · ·alb1 · · ·bm ∈
I (ν + μ).
Let L ∈ L(K, c, I, ·) with generators ui , i ∈ I . Given ν ∈ N0I and a = a1 · · ·al ∈ I (ν), define
ua = ua1 · · ·ual if l > 0 and ua = 1 if l = 0. Then Lν is the K-span of the monomials ua ,
a ∈ I (ν). If a ∈ I (ν), b ∈ I (λ) with ν = λ, then (ua,ub) = 0.
For any subset P = {π1 < · · · < πp} of the set l = {1,2, . . . , l}, let P ′ = l\P . Define
a|P = aπ1 · · ·aπp
and
a · P =
∑
aπ ′ · aπ , where the sum runs over all (π ′,π) ∈ P ′ × P such that π ′ < π.
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δ(ua) =
∑
P⊆l
ca·P (ua|P ⊗ ua|P ′). (3.1)
In particular, we have for si ∈ N,
δ
(
u
si
i
)=
si∑
t=0
∣∣∣∣ sit
]
ci·i
uti ⊗ usi−ti .
The following lemma, due to J.A. Green, gives a common property of all the objects in
L(K, c, I, ·) with the same datum (I, ·) (see [G1, Proposition 3.2(a)] or [G2, Proposition 2.3]).
Lemma 3.1. Let ν =∑i∈I νi i ∈ N0I , and a, b ∈ I (ν). Then there exists a Laurent polynomial
Ma,b(t) ∈ Z[t, t−1] (t is an indeterminate) such that for any K , c, and for any L ∈ L(K, c, I, ·)
with generators ui (i ∈ I ) there holds
(ua,ub) = Ma,b(c)Bν(L), (3.2)
where Bν(L) =∏i∈I (ui, ui)νi .
The Ma,b(t) will be called Green polynomials. They depend only on the datum (I, ·) and
neither on K nor on c. Clearly Ma,b(t) is symmetric, that is, Ma,b(t) = Mb,a(t).
The following result gives a recurrence formulae for Ma,b(t).
Proposition 3.2. Let (I, ·) be any datum. Let ν =∑i∈I νi i, μ =∑i∈I μii ∈ N0I , and a ∈ I (ν),
b ∈ I (μ), d ∈ I (ν + μ). Then
Mab,d(t) =
∑
P⊆n;d|P∈I (ν)
td·PMa,d|P (t)Mb,d|P ′(t), (3.3)
where n = tr(ν + μ).
Proof. Consider Lusztig’s algebra f ∈ L(R, c, I, ·) as above. It follows from formulae (3.1), (3.2)
that
Mab,d(c)Bν+μ(f) = (θab, θd)
= ((θa ⊗ θb), δ(θd))
=
∑
P⊆n
cd·P (θa ⊗ θb, θd|P ⊗ θd|P ′)
=
∑
P⊆n
cd·P (θa, θd|P )(θb, θd|P ′)
=
∑
P⊆n;d|P∈I (ν)
cd·P (θa, θd|P )(θb, θd|P ′)
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∑
P⊆n;d|P∈I (ν)
cd·PMa,d|P (c)Bν(f)Mb,d|P ′(c)Bμ(f)
= Bν(f)Bμ(f)
∑
P⊆n;d|P∈I (ν)
cd·PMa,d|P (c)Mb,d|P ′(c),
where we have used that Lusztig’s form respects the grading. Thus,
Mab,d(c) =
∑
P⊆n;d|P∈I (ν)
cd·PMa,d|P (c)Mb,d|P ′(c)
for all non-zero real number c. This implies (3.3). 
Corollary 3.3. Let ν =∑i∈I νi i ∈ N0I , aν = a1a1 · · ·a1 · · ·anan · · ·an ∈ I (ν), where the number
of times ai = i occurs in the sequence aν = a1a1 · · ·a1 · · ·anan · · ·an is equal to νi . Then
Maν,aν (c) =
∏
i∈I
(|νi]ci·i !).
Proof. First for any i, using induction, Lusztig’s form and the comultiplication respecting the
grading, we have
(
u
νi
i , u
νi
i
)= (δ(uνii ), ui ⊗ uνi−1i )
= |νi]ci·i
(
ui ⊗ uνi−1i , ui ⊗ uνi−1i
)= |νi]ci·i !(ui, ui)νi .
Now it follows by easy calculations that
(uaν , uaν ) =
(
u
ν1
1 u
ν2
2 · · ·uνnn , uν11 uν22 · · ·uνnn
)
= (δ(uν11 uν22 · · ·uνnn ), uν11 ⊗ uν22 · · ·uνnn )
= ((uν11 ⊗ 1)(1 ⊗ uν22 ) · · · (1 ⊗ uνnn ), uν11 ⊗ uν22 · · ·uνnn )
= (uν11 , uν11 )(uν22 · · ·uνnn , uν22 · · ·uνnn )
=
n∏
i=1
(
u
νi
i , u
νi
i
)=
n∏
i=1
|νi]ci·i !(ui, ui)νi .
Thus, we have
Maν,aν (c) =
∏
i∈I
(|νi]ci·i !). 
Given ν =∑i∈I νi i, a = a1 · · ·al ∈ I (ν), where l = tr(ν), define
N(ν) = 1
2
(
ν · ν −
∑
νii · i
)
, σ (a) = al · · ·a1.i∈I
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χν(t) = (−1)tr(ν)tN(ν) ∈ Z[t].
Then, by a straightforward computation, the following holds:
χν+μ(t) = tν·μχν(t)χμ(t) (3.4)
for all ν,μ ∈ N0I.
Lemma 3.4. Let L ∈ L(K, c, I, ·) with generators ui , i ∈ I , and s the antipode of L. Then we
have
(i) s(ua) = χν(c)uσ(a) (3.5)
for all a ∈ I (ν).
(ii) The eigenvalues of s are elements of the set
{±χν(c) | ν ∈ N0I}.
Proof. For (i), see [LZ, Lemma 4.3]. Claim (ii) follows from the facts that s is an N0I -graded
algebra anti-isomorphism and that Lν is spanned by ua for a ∈ I (ν), and s2|Lν = χ2ν (c), since
s(ui) = −ui for any i. 
The following results imply that the Green polynomials have cyclic symmetry and super-
commutativity.
Theorem 3.5. Let (I, ·) be any datum.
(i) Let ν =∑i∈I νi i ∈ N0I , and a, b ∈ I (ν). Then
Mσ(a),b(t) = Ma,σ(b)(t). (3.6)
(ii) Let a ∈ I (ν), b ∈ I (λ) and d ∈ I (ν + λ). Then
Mab,d(−1) = (−1)ν·λMba,d(−1). (3.7)
Proof. (i) Let f be Lusztig’s algebra in L(R, c, I, ·) and s the antipode of f. Recall that f is the
non-degenerate object in L(R, c, I, ·) associated to the Lusztig’s form. By [LZ, Theorem 4.4(II)]
s is self adjoint with respect to the associated bilinear form, that is, (s(x), y) = (x, s(y)) for any
x, y ∈ f. Using Lemma 3.4(i) this implies
χν(c)(θσ(a), θb) =
(
s(θa), θb
)= (θa, s(θb))= χν(c)(θa, θσ(b)),
and hence (θσ(a), θb) = (θa, θσ(b)). It follows from Lemma 3.1 that
Mσ(a),b(c)Bν(f) = (θσ(a), θb) = (θa, θσ(b)) = Ma,σ(b)(c)Bν(f),
thus Mσ(a),b(c) = Ma,σ(b)(c) for all non-zero real numbers c, which implies that (3.7) holds.
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that
(θaθb, θd) = (−1)ν·λ(θbθa, θd).
Let l = tr(ν), m = tr(λ) and n = tr(ν + λ) = l + m. Then by (2.3) we have
(−1)ν·λ(θbθa, θd) = (−1)ν·λ
(
θb ⊗ θa, δ(θd)
)
=
∑
P∈n
(−1)ν·λ(θb ⊗ θa, (−1)d·P (θd|P ⊗ θd|P ′))
=
∑
P∈n
(−1)ν·λ+d·P (θb, θd|P )(θa, θd|P ′)
=
∑
P∈n;d|P∈I (λ)
(−1)ν·λ+d·P (θb, θd|P )(θa, θd|P ′)
=
∑
P∈n;d|P∈I (λ)
(−1)d·P ′(θb, θd|P )(θa, θd|P ′)
=
∑
P∈n;d|P∈I (ν)
(−1)d·P (θb, θd|P ′)(θa, θd|P )
= (θaθb, θd),
where we have used that the Lusztig form (−,−) respects the grading and
d · P + d · P ′ = ν · λ = λ · ν
for P ∈ n,d|P ∈ I (ν). This completes the proof. 
Example. (See [G2, Appendix].) Let ν = i + j , λ = k ∈ N0I . Then
I (ν + λ) = {ijk, ikj, j ik, kij, jki, kj i}.
Let a = ijk, b = ikj . Then
Mσ(a),b(t) = Mkji,ikj (t) = t i·j+j ·k,
Ma,σ(b)(t) = Mijk,jki(t) = t i·j+j ·k.
Now let a = ij , b = k and d = kji. Then we have
Mab,d(−1) = Mijk,kji(−1) = (−1)i·j+i·k+j ·k,
while
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= (−1)i·k+j ·k(−1)i·j
= (−1)i·j+i·k+j ·k.
Now we are turning to super-commutativity.
An object L in L(K,−1, I, ·) is said to be super-commutative provided for all homogeneous
x, y ∈ L the following holds
xy = (−1)|x|·|y|yx. (3.8)
Now consider the free algebra ′F in L(K,−1, I, ·). Theorem 3.5(ii) implies that xy −
(−1)|x|·|y|yx ∈ I for any homogeneous elements x, y ∈ ′F. Denote by J the ideal generated
by all elements xy − (−1)|x|·|y|yx in ′F for x, y being homogeneous elements. Thus ′F/J is a
super-commutative NI -graded algebra with homogeneous subspaces (′F/J )ν , having basis uaν
for any ν ∈ N0I.
Note that I is a homogeneous ideal of f and J ⊆ I . Let ν = ∑i∈I νi i ∈ N0I , and let∑
a∈I (ν) ξaua ∈ I be a homogeneous element. Then
∑
a∈I (ν) ξaua = ξuaν + f , where f ∈ J ,
ξa, ξ ∈ K . Note that |n](−1)i·i = n for n ∈ N, and hence by Corollary 3.3 we have
( ∑
a∈I (ν)
ξaua,
∑
a∈I (ν)
ξaua
)
= (ξuaν + f, ξuaν + f )
= ξ2(uaν , uaν ) = ξ2
∏
i∈I
νi !(ui, ui)νi .
Since
∏
i∈I νi !(ui, ui)νi = 0, this implies ξ = 0, and hence
∑
a∈I (ν) ξaua ∈ J , it follows that
I = J . Therefore we have the following theorem.
Theorem 3.6. The non-degenerate object in L(K,−1, I, ·) is a K-algebra generated by ui for
1 i  n with the following relations:
uiuj = (−1)i·j ujui .
In particular, Lusztig’s algebra f in L(R,−1, I, ·) is an R-algebra generated by θi for 1 i  n
with the following relation:
θiθj = (−1)i·j θj θi .
4. Hall algebras
In this section we shall briefly review Ringel’s theory of Hall algebras, and then apply the
results to the non-generic case at v = −1 in order to show that Lusztig’s algebra is strictly smaller
than the corresponding Hall algebra. In fact, the Hall algebra is super-commutative only in a
trivial case.
Let (I, ·) be any symmetric Cartan datum of finite type, k be a finite field with |k| = q and
v = √q . Let Λ be an associative, hereditary, finitary k-algebra associated to the datum (I, ·)
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finite as sets. Let P be the set of all isoclasses in Λ-mod, P1 =P\{[0]}. If M ∈ Λ-mod, we will
denote the corresponding isoclass by [M]. Let {S(i) | i ∈ I } be a complete set of simple, finite
Λ-modules, indexed by I . Thus, the Grothendieck group K0(Λ-mod) may be identified with the
free Abelian group ZI , where for M ∈ Λ-mod the dimension vector dimM is the corresponding
element of N0I . Denote dimSi by i.
Given M,N ∈ Λ-mod, let
〈M,N〉 = dimk HomΛ(M,N) − dimk Ext1Λ(M,N)
be the Ringel form. Since Λ is hereditary, the integer 〈M,N〉 depends only on the dimension
vectors dimM and dimN . So the Ringel form 〈−,−〉 is defined on ZI . We shall also use the
symmetric Ringel form (−,−) given by
(M,N) = 〈M,N〉 + 〈N,M〉.
Thus we recover the datum (I, · = χ), where χ = (−,−), and where i · j = (Si, Sj ) for i, j ∈ I .
Given M,N1, . . . ,Nt ∈ Λ-mod, let gMN1,...,Nt be the number of filtrations
M = M0 ⊇ M1 ⊇ · · · ⊇ Mt = 0
of M such that Mi−1/Mi ∼= Ni for 1  i  t . In particular, gMN = 1 if M ∼= N and gMN = 0 if
M ∼= N.
By Ringel’s definition, the twisted Hall algebra Hv(I ) of I is the free R-space with basis P ,
and an R-bilinear multiplication given by
[M][N ] =
∑
[L]∈P
v〈M,N〉gLM,N [L]. (4.1)
The following result is due to Ringel and Green:
Theorem 4.1. The algebraHv(I ) is the unique non-degenerate object in L(R, v, I, ·). Moreover,
the algebra Hv(I ) is generated by [Si], 1 i  n, with relations:
1+aij∑
t=0
(−1)t
[1 + aij
t
]
vdi
[Si]1+aij−t [Sj ][Si]t = 0 (4.2)
for i = j , where aij = −i · j/di and di = i · i/2.
Since (I, ·) is of finite type, by a result of Ringel [R2], for M,N1, . . . ,Nt ∈ Λ-mod, there
exist Hall polynomials ϕMN1,...,Nt (q) ∈ Z[q], such that gMN1,...,Nt = ϕMN1,...,Nt (q).
By definition, the (non-degenerate twisted) Hall algebra H−1(I ) of I at v = −1 is the free
R-space with basis P , and an R-bilinear multiplication given by
[M] · [N ] =
∑
(−1)〈M,N〉ϕLM,N(1)[L]. (4.3)
[L]∈P
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[0] = 1. Moreover, H−1(I ) =⊕ν∈N0I H−1(I )ν is an N0I -graded algebra, where H−1(I )ν is
the R-subspace of H−1(I ) spanned by all [M] with dimM = ν. In particular, H−1(I )0 = R.
Of course, H−1(I )ν is finite-dimensional for all ν ∈ N0I .
The following is easy to check by the theorem above:
Theorem 4.2 (Ringel). The algebra H−1(I ) is generated by [Si] with 1 i  n, with relations:
1+aij∑
t=0
(−1)t (1+aij−t)di+t
(
1 + aij
t
)
[Si]1+aij−t [Sj ][Si]t = 0 (4.4)
for i = j.
Proof. Note that [n](−1)di = (−1)(n−1)di n, and hence
[1+aij
t
]
(−1)di = (−1)(1+aij−t)tdi
(1+aij
t
)
.
Thus the assertion follows from Theorem 4.1. 
Now consider Lusztig’s algebra f in L(R,−1, I, ·). By Theorem 3.6, f is super-commutative.
But in general, H−1(I ) is not super-commutative (see example below) except in the case aij = 0
for all i = j . Note that when both aij and di are odd, then −i · j is odd and hence relation (4.4)
becomes
1+aij∑
t=0
(1 + aij
t
)
[Si]1+aij−t [Sj ][Si]t = 0 (4.5)
for i = j. It is easy to see that in this case, the relation of super-commutativity [Si][Sj ] =
−[Sj ][Si] implies relation (4.5). For the other cases, we have that −i · j is even, then rela-
tion (4.4) becomes
1+aij∑
t=0
(−1)t
(1 + aij
t
)
[Si]1+aij−t [Sj ][Si]t = 0 (4.6)
for i = j. Since in this case, the super-commutativity is [Si][Sj ] = [Sj ][Si], this also implies
relation (4.6). So we have the first assertion of:
Theorem 4.3. The super-commutativity relation implies relation (4.4). Lusztig’s algebra in
L(R,−1, I, ·) is isomorphic to the quotient of the Hall algebra H−1(I ) modulo the relation:
[Si][Sj ] = (−1)i·j [Sj ][Si]. The Hall algebra H−1(I ) is super-commutative only in the trivial
case: aij = 0 for all i = j , and exactly in this trivial case it is isomorphic to Lusztig’s algebra.
The second assertion of the theorem follows from:
Example. Consider the quiver Q with two vertices denoted by 1 and 2, and n arrows from 1
to 2. Then 〈S(1), S(2)〉 = 0, 〈S(2), S(1)〉 = −n. We have (qn − 1)/(q − 1) indecomposable
modules with dimension vector (1,1), say, N1, . . . ,N(qn−1)/(q−1). Then aNi = q − 1. Set r1 =∑
1i(qn−1)/(q−1)[Ni]. Then we have
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[S2][S1] = v−n[S1 ⊕ S2] + v−nr1.
Thus, in H−1(I ) we have
[S1][S2] = [S1 ⊕ S2],
[S2][S1] = (−1)−n[S1 ⊕ S2] + (−1)−nr1.
The example above shows that the subalgebra of any Hall algebras (even in the wild case)
generated by two simple modules is not super-commutative, thus the whole algebra cannot be
either.
5. Lie algebras
In the final section, we compare the Lie algebras, which can be obtained from Hall algebras
and from Lusztig’s algebras. We continue to use the notations of Section 4.
Let K−1(I ) be the subspace of H−1(I ) spanned by all isomorphism classes of indecompos-
able Λ-modules of finite length. Since H−1(I ) is an N0I -graded algebra, define a Lie bracket
[−,−] on H−1(I ) as follows: [x, y] = xy − (−1)(x,y)yx for x, y being homogeneous. It is easy
to check that H−1(I ) is an N0I -graded Lie super-algebra. Moreover, we have
Theorem 5.1. K−1(I ) is a Lie subalgebra of H−1(I ).
Proof. It suffices to show that for indecomposable modules M,N ∈ Λ, the commutator
[[M], [N ]] is a linear combination of elements [L], where L is indecomposable. Notice that
[[M], [N ]]= [M] · [N ] − (−1)(M,N)[N ] · [M]
= (−1)〈M,N〉[M]♦ [N ] − (−1)(M,N)+〈N,M〉[N ]♦ [M]
= (−1)〈M,N〉([M]♦ [N ] − [N ]♦ [M]),
where ♦ is the non-twisted multiplication, that is
[M]♦ [N ] =
∑
[L]∈P
ϕLM,N(1)[L].
By [R6, Corollary 2], it follows that [[M], [N ]] is a linear combination of indecomposable
objects in P . 
Since Lusztig’s algebra f in (R,−1, I, ·) is super-commutative, this implies that the Lie super-
algebra arising from Lusztig’s algebra is trivial. But in general, the Lie structures on H−1(I ) and
K−1(I ) are not trivial. We have
Theorem 5.2. As a graded Lie algebra,K−1(I )⊗RC is generated by {[Si] | i = 1,2, . . . , n} with
the following relations:
Ad1−aij Si(Sj ) = 0
for i = j, where Adx(y) = xy − (−1)(x,y)yx for x, y being homogeneous.
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the algebra K−1(I )⊗R C is generated by {[Si] | i = 1,2, . . . , n} with the following relations (see
[R3]):
ad1−aij Si(Sj ) = 0
for i = j .
Now for homogeneous elements x, y ∈K−1(I ) ⊗R C, by induction on s, we have
Ads x(y) = (−1) s(s−1)2 〈x,y〉+s〈x,y〉 ads x(y).
The assertion follows from the above relation (see proof of Theorem 5.1) between the adjoint
actions. 
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